Abstract. We consider four notions, two of which are new, of maps between smooth C r orbifolds O, P with O compact (without boundary). We show that these new notions are natural and necessary in order to uniquely define the notion of orbibundle pullback. For the new notion of complete orbifold map, we show that the corresponding set of C r orbifold maps between O and P with the C r topology carry the structure of a topological Banach (r finite)/Fréchet (r = ∞) manifold. For the new notion of complete reduced orbifold map, the corresponding set of C r orbifold maps between O and P with the C r topology also carries the structure of a topological Banach (r finite)/Fréchet (r = ∞) manifold. The remaining two notions carry a structure which locally is a stratified space with strata modeled on Banach (r finite)/Fréchet (r = ∞) manifolds. Furthermore, we give the explicit relationship between these notions of orbifold map, and apply our results to the special case where the maps under consideration are orbifold diffeomorphisms.
Introduction
A well-known result in the theory of differentiable dynamical systems states that the set of C r mappings C r (M, N ) between C ∞ manifolds M and N with M compact has the structure of a C ∞ Banach manifold. If r = ∞, C ∞ (M, N ) becomes a C ∞ Fréchet manifold. The local model at f ∈ C r (M, N ) is D r (f * (T N )), the space of smooth sections of the pullback tangent bundle f * (T N ) equipped with the C r topology. D r (f * (T N )) is a separable Banach space for 1 ≤ r < ∞ and a separable Fréchet space for r = ∞. For reference, see [Eel66] , [Pal68] , [Nit71] , [Fra79] , or [Ban97] .
We wish to extend this result to the set of C r maps from a compact smooth orbifold O (without boundary) to a smooth orbifold P. Interestingly, there are different useful notions of a C r map between orbifolds. In [BB02] , we defined a notion of (unreduced) C r orbifold map and the notion of reduced orbifold map. In [BB06] , we clarified these notions and showed that for a compact orbifold O (without boundary), both the group Diff r Orb (O) of orbifold diffeomorphisms and the group Diff r red (O) of reduced orbifold diffeomorphisms equipped with the C r topology, carry the topological structure of a Banach manifold for finite r and Fréchet manifold for r = ∞. In fact, we showed that Diff r red (O) is a finite quotient of Diff r Orb (O). While our notion of orbifold map is more general than the one that typically appears in the literature, for example [ALR07] , our notion of reduced orbifold map agrees with that book's definition 1.3 which is the definition that appears most often.
In order to extend the classical structure result for maps between manifolds to maps between orbifolds, and to generalize our results on the orbifold diffeomorphism group, we will introduce two new notions of orbifold maps, the complete orbifold maps and the complete reduced orbifold maps. As simple examples will show, the new notion of complete orbifold map is necessary to give a well-defined notion of pullback orbibundle. The need to be careful when defining pullback orbibundles was already noted in the work of Moerdijk and Pronk [MP97] and Chen and Ruan [CR02] . We take a different approach here.
We assume the reader is familiar with the notion of smooth C r orbifolds, and although there are many nice references for this background material such as the recently published book [ALR07] , we will use our previous work [BB06] as our standard reference for notation and needed definitions. We should note, however, that our definition of orbifold is modeled on the definition in Thurston [Thu78] and that the orbifolds that concern us here are referred to as classical effective orbifolds in [ALR07] . More precisely, for our definition of orbifolds, isotropy actions are always effective and we allow for singularities of codimension one. For those notions for which the existing literature is not entirely consistent, we will provide explicit definitions. Our main result is the following We have the following structure result for orbifold maps.
Corollary 3. Let r ≥ 1 and let O, P be as above. Denote by C r Orb (O, P) the set of C r orbifold maps between O and P equipped with the C r topology (as defined in [BB06] ). Then C r Orb (O, P) carries the topological structure of a stratified space with strata modeled on Banach (r finite)/Fréchet (r = ∞) manifolds.
Finally, for the reduced orbifold maps, we conclude This result should be contrasted with the result of Chen [Che06] , where it is claimed that the structure of the reduced orbifold maps is that of a Banach orbifold. See section 5 for a concrete example. We should observe that our complete orbifold maps are essentially equivalent to the the groupoid homomorphisms of Moerdijk and Pronk but are independent of any particular groupoid structure one imposes on an orbifold and so are better adapted to the sorts of questions we address here. Moreover, Chen's definition of orbifold map coincides with our notion of complete reduced orbifold map.
The paper is divided into the following sections: Section 2 will define the four notions of orbifold map that we will be considering and how these notions are related. Section 3 defines the C r topology on C r ⋆Orb (O, P) with O compact and proves corollary 2 assuming theorem 1. Section 4 applies our results to the special case of orbifold diffeomophisms. Section 5 provides explicit examples to show that non-orbifold structure stratifications naturally arise. Section 6 will construct the pullback orbibundle for a smooth complete orbifold map and illustrate the necessity to use complete orbifold maps in order to get a unique notion of pullback. Section 7 recalls some results about the exponential map on orbifolds and contains the proof of theorem 1. Section 8 is devoted to proofs of corollaries 3 and 4.
Four Notions of Orbifold Map
We now discuss four related definitions of maps between orbifolds, two of which are new. The first notion we will define is that of a complete orbifold map. It is distinguished from our previous notions of orbifold map and reduced orbifold map [BB06, Section 3] in that we are going to keep track of all defining data. In what follows we use the notation of [BB06, Section 2].
Definition 5. A C 0 complete orbifold map (f, {f x }, {Θ f,x }) between locally smooth orbifolds O 1 and O 2 consists of the following:
(1) A continuous map f : X O1 → X O2 of the underlying topological spaces.
(2) For each y ∈ S x , a group homomorphism Θ f,y :
) is an orbifold chart at f (y). That is, the following diagram commutes:
(⋆4) (Equivalence) Two complete orbifold maps (f, {f x }, {Θ f,x }) and (g, {g x }, {Θ g,x }) are considered equivalent if for each x ∈ O 1 ,f x =g x as germs and Θ f,x = Θ g,x . That is, there exists an orbifold chart (
Note that this implies that f = g. Definition 6. A complete orbifold map f : O 1 → O 2 of C r smooth orbifolds is C r smooth if each of the local liftsf x may be chosen to be C r . Given two orbifolds O i , i = 1, 2, the set of C r complete orbifold maps from O 1 to O 2 will be denoted by
If we replace (⋆4) in definition 5 by (4) (Equivalence) Two complete orbifold maps (f, {f x }, {Θ f,x }) and (g, {g x }, {Θ g,x }) are considered equivalent if for each x ∈ O 1 ,f x =g x as germs. That is, there exists an orbifold chart (Ũ x , Γ x ) at x such that
(which as before implies f = g), where we have dropped the requirement that Θ f,x = Θ g,x , we recover the notion of orbifold map (f, {f x }) which appeared in [BB06, Section 3]. Thus, the set of orbifold maps C r Orb (O 1 , O 2 ) can be regarded as the equivalence classes of complete orbifold maps under the less restrictive set-theoretic equivalence (4). The following simple example is illustrative.
Example 7. Let O be the orbifold R/Z 2 where Z 2 acts on R via x → −x and f : O → O is the constant map f ≡ 0. The underlying topological space X O of O is [0, ∞) and the isotropy subgoups are trivial for x ∈ (0, ∞) and Z 2 for x = 0. The mapf 0 ≡ 0 is a local equivariant lift of f at x = 0 using either of the homomorphisms Θ f,0 = Id or Θ ′ f,0 ≡ e. Of course, for x = 0, we setf x ≡ 0 and Θ f,x = Θ ′ f,x = the trivial homomorphism Γ x = e → e ∈ Γ 0 = Z 2 . Thus, as complete orbifold maps (f, {f x }, {Θ f,x }) = (f, {f x }, {Θ ′ f,x }). However, simply as orbifold maps, they are considered equal.
If we replace (⋆4) in definition 5 by ( 4) (Equivalence) Two complete orbifold maps (f, {f x }, {Θ f,x }) and (g, {g x }, {Θ g,x }) are considered equivalent if f = g and for each
where we have dropped the requirement that the germs of the liftsf x andg x agree, we obtain a new notion of orbifold map (f, {Θ f,x }) which we call a complete reduced orbifold map. The set of smooth complete reduced orbifold maps will be denoted by
If we replace (4) in the definition of orbifold map, or ( 4) in the definition of complete reduced orbifold map, by (•4) (Equivalence) Two orbifold maps (f, {f x }) and (g, {g x }), (or, complete reduced orbifold maps (f, {Θ f,x }) and (g, {Θ g,x })) are considered equivalent if f = g. we obtain the notion of reduced orbifold map from [BB02] . The set of smooth reduced orbifold maps will be denoted by
Notation. Since we will often need to distinguish between these various notions of orbifold maps, we will denote a complete orbifold map (f, {f x }, {Θ f,x }) by ⋆ f , and represent an orbifold map (f, {f x }) simply by f as in [BB06] , a complete reduced orbifold map (f, {Θ f,x }) by f , and a reduced orbifold map by • f . Diagrammatically, we have the following:
where the q's represent the respective set-theoretic quotient maps. Understanding how these notions are related in the special case of the identity map is crucial in what follows. Let x ∈ O and (Ũ x , Γ x ) be an orbifold chart at x. From the definition of orbifold map, it follows (since Γ x is finite) that there exists γ ∈ Γ x such that a lift Id x : U x →Ũ x is given by Id x (ỹ) = γ ·ỹ for allỹ ∈Ũ x . Since Id x is Θ Id,x equivariant we have for δ ∈ Γ x :
since Γ x acts effectively that
Thus, the isomorphism Θ Id,x is completely determined by the choice of local lift Id x . This implies that the group ID of orbifold maps covering the identity may be regarded as the same as the group ⋆ ID of complete orbifold maps covering the identity. That is, we have the bijective correspondence
Suppose now that {U xi } is a countable (possibly finite) cover of O by charts. Then ID can be regarded as a subgroup of the product Γ xi as in the proof of corollary 2 in [BB06] . Two inner automorphisms, δ → γ i δγ −1 i , give rise to the same automorphism of Γ x precisely when γ 1 = ζγ 2 where ζ ∈ C(Γ x ), the center of Γ x . Thus, if we let C = C(ID) ⊂ C(Γ xi ), then one can see that the complete reduced lifts of the identity ID ∼ = ⋆ ID/C, where the free C-action on ⋆ ID is defined by
Also, note that the correspondence ⋆ ID ↔ ID gives an isomorphism ID ∼ = ID/C which in turn is isomorphic to Inn(ID), the group of inner automorphisms of ID. Thus, we have the exact sequence For an orbifold map {·} f (of any type) and I = (Id, {η x ·ỹ}) ∈ ID N we can compute I • {·} f . Namely,
Suppose {Γ x } denotes the family of isotropy groups for an orbifold N and for subgroups Λ x ⊂ Γ x , let {Λ x } denote the corresponding family of subgroups. In what follows, we will use the notation (ID N ) {Λx} for the subgroup of ID N defined by {I ∈ ID N | I = (Id, {ỹ → λ x ·ỹ}) where λ x ∈ Λ x for all x}.
Lastly, for a fixed orbifold map {·} f (of any type), we let (ID N ) · {·} f denote the orbit under the action of ID N :
and we let (ID N ) {·} f denote the corresponding isotropy subgroup of {·} f under the action of ID N :
Implications for the definition of orbifold structure. Recall the following commutative diagram of maps which appears in the definition of a smooth classical effective orbifold [BB06] :
where for a neighborhood U z ⊂ U x with correspondingŨ z , and isotropy group Γ z , there is an open embeddingψ zx :Ũ z →Ũ x covering the inclusion ψ zx : U z ֒→ U x and an injective homomorphism θ zx : Γ z → Γ x so thatψ zx is equivariant with respect to θ zx . For the standard definition of orbifold which appears in the literature, it is understood thatψ zx is defined only up to composition with elements of Γ x , and θ zx defined only up to conjugation by elements of Γ x . However, here, we may regard ψ zx as being from any of the notions of orbifold map we have defined, thus giving an orbifold O, or more precisely, an orbifold atlas for O, one of four different structures depending on how one keeps track of lifts ψ zx and homomorphisms θ zx . Thus, it makes sense to speak of a complete orbifold structure ⋆ O, a complete reduced orbifold structure O, an orbifold structure O, and lastly, a reduced orbifold structure • O. Thus, the standard definition of orbifold would correspond to our notion of a reduced orbifold structure. The reader should take care to note that the term reduced orbifold also has been used in the study of so-called noneffective orbifolds [CR02] . Our use of the term reduced orbifold structure is unrelated to this.
In this paper, the term orbifold will require that the chart maps ψ zx be regarded as orbifold maps in C r Orb (U z , U x ) as defined above. We also point out that there is no fundamental difference between a complete orbifold structure ⋆ O and an orbifold structure O and that any reduced orbifold structure • O is obtained as a quotient an orbifold structure O by the action of ID on orbifold atlases. This follows from example 8 and the fact that any two lifts of ψ zx must differ by a lift of the identity map on U x . Lastly, we remark that, in general, for an orbifold structure O,
Relationship among the different notions of orbifold map. In this subsection we give a series of lemmas that discuss the relationship among the various notions of orbifold map for a fixed map f :
In section 3, we will topologize these sets of mappings and discuss the local structure of these relationships. Our first lemma makes explicit the relationship between the complete reduced orbifold maps and the complete orbifold maps.
if the stated condition holds for two complete orbifold maps
Proof. Sincef x andf ′ x are local lifts of the same map f , there exists η x ∈ Γ f (x) such thatf ′ x (ỹ) = η x ·f x (ỹ) for allỹ ∈Ũ x . Thus, for all γ ∈ Γ x we have, on one hand, the equivariance relationf
while on the other hand, the equivariance relation must bef
x and thus η x ∈ C x . The orbifold N may be taken to be
We have thus shown the first statement of the lemma, and the last statement is clear from our computation above and the definitions.
Remark 10. Let O be as in example 7. Consider the complete orbifold map
The next lemma describes the relationship between the orbifold maps and the reduced orbifold maps.
Moreover, if the stated condition holds for two orbifold maps f and
Proof. N can be chosen as in lemma 9, and the proof follows from corollary 2 in [BB06] .
Remark 12. Similar to the situation described in remark 10, example 7 shows that the orbit map ID N · f may have nontrivial isotropy.
Next, we describe the relationship between the complete orbifold maps and the orbifold maps.
Moreover, if the stated condition holds for two complete orbifold maps
Note that the condition stated implies thatf
Remark 14. Notice that this relationship is qualitatively different than the relationships described in lemmas 9, 11 and 16, in that it is given as an equality of
and not as an equality of Θ f,x and Θ ′ f,x as homomorphisms themselves. That is, the representation of Θ f,x (Γ x ) and Θ ′ f,x (Γ x ) induce actions that when restricted tof x (Ũ x ) are equal. Remark 15. Example 7 exhibits the behavior described in lemma 13. A slightly less trivial example is to consider the inclusion map of remark 10: f : O → O × O, y → (y, 0), wheref x (ỹ) = (ỹ, 0). Note thatf 0 is equivariant with respect to both Θ f,0 (γ) = (γ, e) and Θ ′ f,0 (γ) = (γ, γ). The next two lemmas describe the relationship between the complete reduced orbifold maps and the reduced orbifold maps. Given the conclusion of corollary 4, this relationship is necessarily more complicated.
x are local lifts of the same map f = f ′ . This implies
The last statement follows from the way ID N acts on f .
Remark 17. Here, like before, the orbit map (Id, {η x ·z}) → (Id, {η x ·z}) • f may have nontrivial, (but finite) isotropy. In fact, (ID N ) f = (ID N ) {Cx} , the orbifold map lifts of the identity given by elements of C Γ f (x) (Θ f,x (Γ x )) described in lemma 9.
In light of lemma 16, we define an equivalence relation the preimage q −1 ( • f ): 
Then there exist local lifts {f x } which are equivariant with respect to both {Θ f,x } and {η
Proof.
x } as homomorphisms.
Remark 19. Example 7 illustrates the phenomena dealt with in lemma 18. Lemmas 16 and 18 show that the quotient map q :
where q † , q ‡ represent the quotient maps under the equivalences ( †) and ( ‡), respectively.
Function Space Topologies
It is easy to define a C s topology (1 ≤ s ≤ r) on the set of smooth complete orbifold maps C r ⋆Orb (O, P) with O compact. Although much of what we do applies to noncompact O we will assume O to be compact. As such, implicit in some of the discussion is that O has been equipped with a finite covering by orbifold charts. The topologies we define have already been shown to be independent of these choices of charts [BB06] .
where
is to be interpreted as follows: There is a small enough orbifold chartŨ x about x, such that the images of bothf x (Ũ x ) andg x (Ũ x ) are contained in a single orbifold chartṼ z and
֒→ Γ z are the injective homomorphisms given in the definition of orbifold. It is important to note that this condition is more than just an isomorphism of groups, but is an equality of their representations as actions oñ V z . The collection of sets of this type form a subbasis for the corresponding C s topology on C r ⋆Orb (O, P). Similarly, a C s neighborhood of f = (f, {Θ f,x }) is defined to be
Here, N denotes, as usual, an open neighborhood of the image f (O).
Of course the same argument shows that if g = g ′ as orbifold maps, then
As a consequence, we see that the preimage
. Similarly, we see that the preimage
For reference, we have the following diagram of maps:
q x x8 8 w w w w w w w w w w
We now show that the action of identity maps is compatible with the C s topology on C r ⋆Orb (O, P). Let ⋆ f = (f, {f x }, {Θ f,x }) ∈ C r ⋆Orb (O, P) and let the orbifold N be an open neighborhood of the image of f (O). Let ε > 0 be chosen so that if
⊂ N . Let I ∈ ID N be an orbifold map lift of the identity over N . Then by example 8, I has a representation as I = (Id, {w → γ z ·w}, {δ → γ z δγ
Proof. The proof is immediate from the definitions once one realizes that ifŨ x is chosen as in definition 20, so that
Assuming theorem 1, we can now prove corollary 2.
Proof of corollary 2. Let
, then lemmas 9 and 21 imply that (ID N ) {Cz} acts transitively on Q ⋆ . Remark 10 shows that this action is not necessarily free. To understand what happens under these circumstances,
by the triangle inequality. For ε small enough, this is impossible unless I • ⋆ g = ⋆ g. Thus, I must fix pointwise the entire neighborhood N r ( ⋆ f, ε). This shows that q is a local homeomorphism. Since each N r ( ⋆ f i , ε) is an open manifold by theorem 1, corollary 2 follows.
Proposition 22. The quotient map q
† : N s ( f, ε) → N s ([ f ], ε), f = (f, {Θ f,x }) → [ f ] = (f, {[Θ f,x ]}
) is a local homeomorphism. In fact, it is the quotient map defined by the group action of ID
N acting via f → I • f .
Proof. It is clear from the definitions that
x,i }). The last statement follows by observing that ID N acts transitively on Q † and if
, we see that any such I fixes pointwise the entire neighborhood N s ( f, ε) and the result follows.
Later we will have need to refer to the following useful fact about the relation between ⋆ f and maps ⋆ g ∈ N s ( ⋆ f, ε):
Proof. In definition 20 we may choose z = f (x). This yields the stated equality of homomorphisms immediately. Recall thatψ g(x)f (x) denotes a lift of the inclusion map ψ g(x)f (x) : V g(x) ֒→ V f (x) given in the definition of orbifold atlas. So,ψ g(x)f (x) • g x :Ũ x →g x (Ũ x ) ֒→Ṽ f (x) is equivariant relative to θ g(x)f (x) • Θ g,x , which by hypothesis is the same as Θ f,x . Thus, for each γ ∈ Γ x we havẽ
.
Applications to the Orbifold Diffeomorphism Group
In this section, we show how the discussion of the previous sections applies to orbifold diffeomorphisms. For simplicity, we will continue to assume that the orbifold O is compact. In [BB06] , we studied the group of orbifold diffeomorphisms Diff For diffeomorphism groups, it is not hard to see that the group of complete orbifold diffeomorphisms Diff This follows from the proof of corollary 2 in [BB06] , where it is shown that if
∈ ID. In the diffeomorphism case, one should note that since all homomorphisms Θ f,x are actually isomorphisms and we assume isotropy groups act effectively, the behavior exhibited in lemmas 13 and 18 cannot occur. There can never be multiple Θ f,x 's corresponding to a particular local liftf x . Collecting the results of example 8 and lemmas 9 and 16, and exploiting the fact that, in the case of diffeomorphism groups, we have a global action of ID, we get the following algebraic and topological structure result. 
Why Non-Orbifold Structure Stratifications Arise
In this section, we wish to give an example on why non-orbifold structure stratifications arise in the topological structure of our orbifold maps. We first recall a definition of stratification in the infinite-dimensional setting. We will use the definition found in [Fis70] or [Bou75] for infinite-dimensional stratifications although we do not need the full generality presented in these references. In our case, each point with a stratified neighborhood has only a finite number of strata coming together.
Definition 25 ( [Fis70, Bou75] ). Let X be a topological space and A a countable set with partial order ≺. A partition of X is a collection of non-empty pairwise disjoint subspaces {X α } indexed by A such that X = ∪ α∈A X α . A partition {X α } α∈A is a stratification of X if (1) each X α is a submanifold when given the topology induced by X and, (2) X α ∩ X β = ∅, α = β, then β ≺ α and X α ⊂ X β . The X α are called the strata of the stratification and may have many connected components. Moreover, condition (2) implies that X β − X β ⊂ ∪ α≻β X α .
Before we show how these stratifications arise, we first present a simple example to help motivate the discussion.
Example 26. Consider the situation described in Example 7: O is the orbifold R/Z 2 where Z 2 acts on R via x → −x and f : O → O is the constant map f ≡ 0. The mapf 0 ≡ 0 is a local equivariant lift of f at x = 0 using either of the homomorphisms Θ f,0 = Id or Θ ′ f,0 ≡ e. Of course, for x = 0, we setf x ≡ 0 and Θ f,x = Θ ′ f,x = the trivial homomorphism Γ x = e → e ∈ Γ 0 = Z 2 . Thus, we have two complete orbifold maps ⋆ f = (f, {f x }, {Θ f,x }) and ⋆ f ′ = (f, {f x }, {Θ ′ f,x }) which cover the same orbifold map f = (f, {f x }).
We need to first compute N r ( ⋆ f, ε). We will do this in detail since this is the first time we have done an explicit computation of this type. Using definition 20 and the notation there, let ⋆ g ∈ N r ( ⋆ f, ε). For all x ∈ O we may choose z = 0 and thusṼ z =Ṽ 0 may be chosen to be the interval (−ε, ε) as a chart about 0 in the target. There are two cases to consider: x = 0 and x = 0. For x = 0, letŨ 0 be any orbifold chart about 0. It follows that the local liftg 0 over x = 0 must take 0 ∈Ũ 0 to 0 ∈Ṽ 0 . To see this, suppose to the contrary thatg 0 (0) =ỹ = 0. By definition 20, we must have the following equality of homomorphisms from Z 2 = Γ 0 to Γ 0 :
However, Θ g,0 : Γ 0 → Γ y = {e} has nontrivial kernel which contradicts the last line above. We thus may conclude that for x = 0,g 0 (0) = 0 and Θ g,0 = Θ f,0 = Id. From Θ g,0 = Id, it follows that the local liftg 0 must be an odd function. For x = 0, there is no restriction ong x arising from equivariance since Γ x = {e} and θ f (x)0 • Θ f,x = θ g(x)0 • Θ g,x : Γ x → Γ 0 will always be the trivial homomorphism e → e. Putting this all together we have shown that
andg 0 is an odd function}. We now use a similar argument to compute
, so we conclude as above that there is no restriction ong ′ x arising from equivariance. On the other hand, for x = 0 we must have the equality of homomorphisms arising from equivariance either and we can conclude that
, and that any orbifold map g ∈ N r (f, ε) must be in q (N r ( ⋆ f ′ , ε)) so that the topological structure of a neighborhood of f is completely determined from only an understanding of the topological structure of q (N r ( ⋆ f ′ , ε)) which in turn is determined by the structure of N r ( ⋆ f ′ , ε), which will be shown to be a manifold.
Unfortunately, in general, the topological structure of a neighborhood of an orbifold map f is rarely determined completely by the topological structure of a single neighborhood of one of its complete orbifold lifts q −1 (f ). This is illustrated in the next example.
Example 27. Let O = R/Z 2 with Z 2 acting with generator α, where α · x = −x as above.
with the action defined by j · (x, y, z) = (−x, y, −z) and k · (x, y, z) = (−x, −y, z). y 1 ) = (y 1 , 0, 0) and choose the orbifold map f ∈ q −1 {ỹ 1 → (ỹ 1 , 0, 0)}) . That is, for each x ∈ O, the local liftf x (ỹ 1 ) = (ỹ 1 , 0, 0) onŨ x . Since Γ x is trivial when x = 0 and Γ 0 = Z 2 , there are precisely two complete maps in q −1 (f ):
. Note that since Θ f,x is the trivial homomorphism e → e for all x = 0, we have only indicated the two possible homomorphisms at x = 0, namely,
We will proceed as in example 26 and first compute N r ( ⋆ f, ε).
For x = 0 we have Γ x = {e} so, like before, there is no restriction on (g i ) x , i = 1, 2, 3 arising from equivariance. Thus, we focus on lifts (g i ) 0 over a chartŨ 0 about x = 0. We may assume thatṼ z =Ṽ 0 where we have shortened the subscript (0, 0, 0) to 0 ∈ R 3 . We will continue to do this for the remainder of this example. By lemma 23,g 0 (0) ∈Ṽ {e,j} 0 = y-axis and Θ g,0 : Γ 0 → Γ g(0) is α → j. We now computeg
On the other hand,
Similarly, we have
0 odd functions and (g ′ 3 ) 0 an even function}. Thus, the corresponding neighborhood of the orbifold map f is the union of two sets
each of which will later be shown to carry a Banach/Fréchet manifold structure. Their intersection is along the submanifold
where (h 1 ) 0 is an odd function}.
Thus, the neighborhood N r (f, ε) has a stratified structure: Just let A = {α, β, γ} with partial order β ≺ α, γ ≺ α and define X = N r (f, ε),
− H is not connected we see that this stratified structure is not that of an orbifold structure as removal of the singular set of an orbifold never disconnects a connected component of the orbifold [Bor92, Bor93] . Furthermore, if we let N denote an open neighborhood of the image f (O), then from [BB06] a neighborhood of the reduced orbfold map • f is given by N r ( • f, ε) = N r (f, ε)/ID N where ID N acts in such a way that the quotient map is a local homeomorphism (see proof of corollary 4 which appears at the end of section 8). Thus, N r ( • f, ε) has a non-orbifold structure stratification also. The phenomena described here should be contrasted with the claims of Chen [Che06] .
The Tangent Orbibundle, Pullbacks and Orbisections
The tangent orbibundle. We recall the definition of the tangent orbibundle of a smooth C r+1 orbifold.
In keeping with tradition, we denote the fiber
Note that, in general, if Γ x is non-trivial then T x O will be a convex cone rather than a vector space. Locally we have the diagram:
where pr 1 :Ũ x × R n →Ũ x denotes the projection onto the first factor (ỹ,ṽ) →ỹ (which is a specific choice of lift of p).
Pulling back an orbibundle. The definition of the pullback of an orbibundle depends crucially on the notion of orbifold map. In simple examples, we will see that a unique notion of pullback exists only when using complete orbifold maps. On the other hand, we will see that once one has a pullback bundle defined via a complete orbifold map ⋆ f , there is no difference between the notion of an orbisection and a complete orbisection. Not surprisingly, if one tries to define a useful notion of reduced or complete reduced orbisection one loses the vector space structure on the space of such sections. As in the case of the tangent orbibundle, the pullback bundle will be an example of the more general notion of a linear orbibundle given in [BB02] .
Definition 29. Let O, P be C r+1 orbifolds of dimension n and m, respectively. Given ⋆ f ∈ C r+1 ⋆Orb (O, P) we define the pullback of the tangent orbibundle to P by ⋆ f , ⋆ f * (T P) as follows: Let ⋆ f = (f, {f x }, {Θ f,x }) and letŨ x andṼ f (x) be orbifold charts about x ∈ O and f (x) ∈ P respectively. Define the pullback ⋆ f * (T P) to be the orbifold with charts of the form (a fibered product)
m , the action of Γ x is specified in local coordinates by:
whereỹ ∈Ũ x andṽ ∈ pr
ξ →ṽ be the fiber projection. This gives ⋆ f * (T P) the structure of a smooth C r m-dimensional linear orbibundle over O. In an abuse of notation, p : ⋆ f * (T P) → O will denote the orbibundle projection. Denote the fiber over x, by p −1 (x) = ⋆ f * (T P) x . In local coordinates, we have the diagram (all vertical arrows are quotient maps by respective group actions):
pr 1 x x
Let ⋆ f and ⋆ f ′ be the two complete orbifold maps from example 26 which cover the orbifold map f = (f, {f x }). Then we claim that
To see this we work in local coordinates: Sincef x ≡ 0, we may takeṼ 0 as a chart about f (x) for all x. Thus for each x,
Now for x = 0, Γ x = {e} and so the action of Γ x onŨ x ×Ṽ 0 TṼ 0 is necessarily trivial. If we denote the orbibundle projections p : ⋆ f * (T P) → O and p
On the other hand, for x = 0, since Θ f,0 (α) = α and Θ ′ f,0 (α) = e we see that
which is enough to substantiate our claim. Note that these orbibundles are not equivalent in any reasonable sense.
To further illustrate the complexity involved in pulling back the tangent bundle by an orbifold map, the following is instructive.
Example 31. Consider the situation from example 27: O = R/Z 2 with Z 2 acting with generator α, where α·x = −x as above and P = R 3 /(Z 2 ×Z 2 ) where
with the action defined by j·(x, y, z) = (−x, y, −z) and k· (x, y, z) = (−x, −y, z). We consider the two complete orbifold maps ⋆ f and ⋆ f ′ from example 27 which cover the orbifold map f = (f, {ỹ 1 → (ỹ 1 , 0, 0)}) where • f (y 1 ) = (y 1 , 0, 0). We have for all x,Ũ x ×Ṽ TṼ f (x) is necessarily trivial. If we denote, as before, the orbibundle projections p : ⋆ f * (T P) → O and
On the other hand, for x = 0, since Θ f,0 (α) = j and Θ ′ f,0 (α) = k we see that
Although the pullback orbibundles ⋆ f * (T P) and ⋆ f ′ * (T P) are naturally isomorphic, we will later see that neighborhoods of the zero section are taken by the Riemannian exponential map to the neighborhoods N r ( ⋆ f, ε) and N r ( ⋆ f ′ , ε) of example 27, respectively. This illustrates why it is necessary to use complete orbifold maps in order to fully understand the topological structure of a neighborhood N r (f, ε) of an orbifold map.
Orbisections. We now define a natural notion of section of a linear orbibundle. For a definition, see for example [BB02] . Therefore, since Γ x acts effectively onŨ x , Θ σ,x (γ) = γ and Θ σ,x = Id : Γ x → Γ x for all γ ∈ Γ x and x ∈ O. Furthermore, we get the equivariance relations
Just as in the case of orbisections of the tangent orbibundle, the set of orbisections of the pullback tangent orbibundle carry a vector space structure. Proof. The argument here is basically the same as the corresponding argument for orbisections of the tangent orbibundle [BB06] .
(s x (ỹ)). In particular, sincex is a fixed point of the Γ x action onŨ x , we haves
is a fixed point of the (linear) action of Γ x on R m as defined in the pullback orbibundle. Note that the set of such fixed points forms a vector subspace of R m . As a result we may define a real vector space structure on D r Orb ( ⋆ f * (T P)) as follows:
, letσ i,x be local lifts at x as above. Define
Orb ( ⋆ f * (T P)) for 1 ≤ r < ∞ and a separable Fréchet space structure if r = ∞.
Proof. The argument here is also similar to the corresponding argument for orbisections of the tangent orbibundle [BB06] 
by a finite number of compact orbifold charts over each of which the tangent orbibundle T P is trivialized. Then the collection C = {C i = f −1 (D i )} is a finite cover of O by compact subsets. By reindexing and shrinking D i if necessary, we may assume each C i is connected and is contained in a orbifold chart of O and so,
. . , N and 0 ≤ r ≤ ∞ with topology of uniform convergence of derivatives of order ≤ r. This is a Banach space for finite r and a Fréchet space for r = ∞. For finite r, let · i,r be a C r norm on V i,r . Define a
where χ i ∈ C 
) is a closed subspace of the direct sum and thus D r Orb ( ⋆ f * (T P)) inherits a Banach space structure if r < ∞ and a Fréchet space structure if r = ∞.
The following is the analogue of the notion of admissible tangent vector as defined in [BB06] .
Definition 36. Let O, P and f be as in proposition 35. Let x ∈ O. Denote by
By proposition 34, A x ( ⋆ f * (T P)) is a vector space for each x, and a suborbifold of ⋆ f * (T P) x . The admissible pullback bundle of T P is the subset
with the subspace topology. In general, A( ⋆ f * (T P)) will not be an orbifold. Recall that the set of admissible tangent vectors at z, A z (P) as defined in [BB06] are obtained from definition 36 by replacing ⋆ f * (T P) by T P.
The exponential map and proof of Theorem 1
In this section we will need several facts about Riemannian orbifolds and the exponential map. Our reference for this material will be [BB06] . Throughout this section, we assume that O, P are smooth orbifolds and that O is compact (without boundary). Without loss of generality, we may assume, by [BB06,  •F x •σ x (ỹ) = expṼ
•F x (ỹ,ξ(ỹ)) = expṼ
•F x (ỹ,η(ỹ)) ⇐⇒
[f x (ỹ), vf x (ỹ) ] = expṼ
[f x (ỹ), wf x (ỹ) ]
Since expṼ
(f x (ỹ), ·) is a local C r diffeomorphism we must have vf x (ỹ) = wf x (ỹ) . Hence σ = τ (as orbifold maps) and E is injective. Proof. Let ⋆ g = (g, {g x }, {Θ g,x }) ∈ N r ( ⋆ f, ε). Let {C i } be a finite covering of O by compact sets such that C i is an orbifold chart and g(C i ) ⊂ V i where V i is a relatively compact orbifold chart of P. Let x ∈ C i , andŨ x ⊂ intC i an orbifold chart at x where the local liftg x toŨ x is C 0 ε-close to the local liftf x . By lemma 23 and its proof we have Θ f,x = θ g(x)f (x) • Θ g,x : Γ x → Γ f (x) . In particular, the action of Θ f,x is the same as action Θ g,x on the imageg x (Ũ x ) ⊂Ṽ f (x) .
We wish to define a C r orbisection σ so that E(σ) = ⋆ g. We do this by defining appropriate local liftsσ x . In particular, let σ x (ỹ) = (ỹ,ξ(ỹ)) = ỹ, f x (ỹ), exp
With this definition, we see that
•F x •σ x (ỹ) = expṼ f (x)
• exp
(g x (ỹ)) =g x (ỹ).
This shows that E(σ) = ⋆ g. All that remains to show is thatσ x satisfies the correct equivariance relation for an orbisection. Before we do that, observe that, in general, for δ ∈ Γ f (x) we have (essentially for any exponential map)
Thus, σ x (γ ·ỹ) = (γ ·ỹ,ξ(γ ·ỹ)) = γ ·ỹ, f x (γ ·ỹ), exp
(g x (γ ·ỹ)) = γ ·ỹ, Θ f,x (γ) ·f x (ỹ), exp
(Θ g,x (γ) ·g x (ỹ)) = γ ·ỹ, Θ f,x (γ) ·f x (ỹ), Θ f,x (γ) · exp
(g x (ỹ)) = γ ·ỹ, Θ f,x (γ) ·f x (ỹ), Θ f,x (γ) · exp
(g x (ỹ)) = γ ·ỹ, Θ f,x (γ) ·ξ(ỹ) = γ ·σ x (ỹ) g ∈ X J has a neighborhood modeled on a linear submanifold of B ⋆ fj i (0, ε), which is enough to prove that X J is a submanifold of N r (f, ε). Lemmas 43 and 44 together prove corollary 3. Finally the proof of corollary 4 follows from corollary 3 and lemma 11. That is, N r ( • f, ε) is the quotient of the finite group ID N acting on N r (f, ε). That the corresponding quotient map q • is a local homeomorphism follows from an argument almost identical to the argument in the proof of corollary 2 from section 3 that q was a local homeomorphism.
